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Modeling materials and microstructures composed of circular particles using standard
finite elements poses a dual challenge: the polynomial-based geometric mapping intro-
duces discretization errors on curved boundaries, and the large number of internal degrees
of freedom required for each particle creates a computational bottleneck. This paper
presents a new annular finite element and a circular disk super element to address both
issues for two-dimensional (2D) elastostatic problems. The annular element employs an
exact analytical geometric mapping based on polar coordinates, while the displacement
field is interpolated using standard 8-node quadrilateral shape functions to maintain
compatibility with conventional finite element frameworks. A disk super element is fur-
ther constructed by applying static condensation to eliminate internal degrees of free-
dom. Convergence studies confirm that the annular element achieves optimal convergence
rates, consistent with those of the standard isoparametric counterpart, while providing
exact geometric fidelity on circular boundaries. Additional benchmarks involving stress
concentrations and concentrated loads validate the element’s accuracy. The efficiency
and physical consistency of the disk super element are demonstrated through disk pack-
ing simulations, where the effective Young’s modulus converges with increasing number
of disks, showing the method’s potential for homogenization analysis of particulate com-
posites.

Keywords: Annular element; disk super element; 2D elastostatic problems.

1. Introduction

There are many materials or microstructures that are made of particles such as var-
ious particulate or granular composites, three-dimensional (3D) printed materials
or microstructures and so on (see (Giovine et all ﬂ@ld] for a special issue of 1JSS
on granular materials). Usually, these particles are of circular or spherical shapes.
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In addition, structures can be formed by using circle packing ﬂSj&ph_ensg_ﬂ (IZDDj)]
within an area or using sphere packing within a volume. To study the mechan-

ical properties of such materials or structures, numerical methods are essential.
While Discrete Element Method (DEM) is widely adopted for simulating granu-
lar flows and large-scale particle dynamics ﬂmw_d_ d@ﬂ), Liu_et_all (IQJ)lEﬂ),
Fransen et all (2026)], and Multi-Particle Finite Element Method (MPFEM) has
been developed for high-density compaction processes ﬂwﬂj (IQJJL‘EI)], detailed
stress analysis within the continuum often requires the Finite Element Method
(FEM). Concurrent multi-scale approaches coupling DEM and FEM have also been
proposed to bridge these regimes ﬂmﬂw_@l (IM)] However, applying the
finite elements in a primitive way to model each circle or sphere with many ele-
ments will be inefficient computationally and quickly beyond the reach, when the
number of circles or spheres increases. Therefore, a better or special type of finite

elements for modeling particulate materials, and eventually modeling 3D printed
materials and microstructure, is needed. As a starting point, studying 2D models
of such problems, and developing an efficient, yet accurate, 2D annular element and
circular disk element will be necessary and an important first step.

The mechanical analysis of materials and structures containing circular or spher-
ical inclusions is indeed a fundamental problem in computational mechanics. Such
microstructures are ubiquitous in nature and engineering, ranging from granular

soils and rocks in geomechanics [Zhad (12Q2d), Liu et all (IZQZ]J)] to particle-reinforced
composite materials [Wang et all (2018); [Zhang and Wang (2019)]. More recently,

with the advent of additive manufacturing, cellular structures and lattice materials
usually involving circular struts or curved boundaries are becoming increasingly
important m )]. Understanding the stress distribution and interaction
between these circular domains is critical for predicting the effective properties and
failure mechanisms of the macroscopic system.

Numerical methods, particularly the FEM, have been the dominant tool for such
analyses. However, modeling circular geometries using traditional finite elements
(e.g., triangles or quadrilaterals with straight edges) presents significant challenges.
To capture the curvature of a circle boundary accurately, a very fine mesh is typically
required, which leads to a substantial increase in the computational cost [Marussig
and Hughes (2018)]. Even with refined meshes, the geometric approximation error
— known as the geometric discretization error — cannot be completely eliminated,
leading to stress concentration inaccuracies at the boundaries illa and Huer
(@)] In recent years, advanced numerical schemes such as the Isogeometric Anal-
ysis (IGA) have been proposed to resolve geometry issues by using NURBS basis

functions [Xu_ et all (2018)]. The Virtual Element Method (VEM) [Beirdo da Veiga
et al. ))] and Polygonal Finite Element Methods (PFEMs)

M)] also allow for better approximation of curved boundaries. Another alterna-
tive is the Scaled Boundary Finite Element Method (SBFEM) ﬂm (@)],
which utilizes semi-analytical solutions.

2650035-2



Annular and Disk Elements for 2D Elastostatic Problems

Among these methods, IGA shares the most conceptual similarity with the
present work, as both aim to integrate exact geometry into the numerical analy-
sis. Recent developments in IGA have focused on handling trimmed geometries and
multipatch coupling for complex engineering structures [Reichle et all (2023); Guar-
ino et al. (2024)]. However, despite its theoretical elegance and robustness [Jonsson
et al. )], the implementation of IGA within standard FEM frameworks remains
nontrivial, often requiring significant changes to the code architecture. Historically,
annular or sector elements were utilized around 1970 for circular plates [Raju and
Rao (1969); IOlson and Lindbere (1970): Sawko and Merrimanl (1971): Singh and
Ramaswamy (1972); (1973); Wilson and Kirkhope (1976); Rao et all

)]. While they offered geometric advantages, they fell out of favor as gen-
eral parametric isoparametric elements became the dominant standard. However,
a gap remains for specific modern applications involving dense assemblies of circu-
lar objects, typical of granular composites and microstructures. Commercial soft-
ware packages effectively employ isoparametric polynomial elements. While robust,
they face a dual challenge in this context: they inherently approximate the circular
geometry (introducing geometric errors detrimental to contact analysis) and require

excessive internal degrees of freedom (DOF's) to resolve stress gradients, creating a
computational bottleneck for large-scale simulations. To address these challenges,
we revisit the annular element concept, but enhanced with the “Super Element”
technique. By leveraging the specific geometric regularities of the problem domain,
we construct specialized elements that are both geometrically exact and computa-
tionally efficient via static condensation.

In this work, we present a new annular element and a circular disk super element
for modeling 2D elastostatic problems. The proposed method distinguishes itself
from existing approaches in two key aspects:

Geometric Exactness: Unlike standard isoparametric elements where geometry
is interpolated via shape functions, the proposed element utilizes an analytical geo-
metric mapping. The coordinates and their derivatives with respect to the param-
eter space are calculated exactly and simply. This ensures an exact representa-
tion of circular boundaries regardless of mesh size, eliminating geometric discretiza-
tion errors — a critical advantage for contact mechanics and stress concentration
analysis.

Computational Efficiency via Static Condensation: The disk super element
utilizes substructuring techniques to condense internal DOFs. This allows for the
high-fidelity modeling of individual particles with detailed internal meshes while
maintaining a minimal DOF count for the global system. Moreover, for systems
with identical disks — a common scenario in granular mechanics — the condensed
stiffness matrix needs to be computed only once and reused for all instances, dras-
tically reducing assembly time. In disk packing configurations, the structure is
assembled by enforcing displacement compatibility at the tangential contact points
between disks. This mechanism effectively facilitates stress transfer throughout
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the granular system and ensures the positive definiteness of the global stiffness
matrix.

The developed method and code are verified extensively through a systematic
sequence of benchmark problems. First, the reliability of the annular element is
rigorously established by comparing it with standard 8-node isoparametric quadri-
lateral elements (Q8) in the classic thick-walled cylinder problem. Second, its capa-
bility to capture severe stress gradients is demonstrated through the analysis of a
circular disk with a small hole. Third, the method’s robustness in handling singular-
ities is validated using a disk subjected to concentrated diametrical forces. Finally,
the computational efficiency and macroscopic consistency of the disk super element
are showcased in large-scale disk packing simulations, confirming its potential for
homogenization analysis of particulate composites.

The rest of this paper is organized as follows. In Sec. 2 the formulation of the
new annular element is presented first, then the disk super element formulation
is reviewed. In Sec. Bl numerical examples are presented to verify the developed
elements and demonstrate the potential applications. In Sec. @, some discussions
are provided to conclude the paper.

2. Formulations
2.1. Annular element formulation

Distinct from the classical isoparametric element theory, the proposed annular ele-
ment adopts a hybrid strategy that integrates analytical geometric mappings with
standard parametric interpolation. Unlike standard isoparametric elements where
geometric approximation errors may arise from polynomial mapping of curved
boundaries, or sub-/super-parametric elements that primarily differ in polynomial
order, the present formulation explicitly decouples the geometric description from
the displacement field.
This hybrid formulation integrates two distinct components:

e Exact Geometric Mapping: As detailed in Sec. 211l the geometry is con-
structed via a composite mapping strategy: the transformation between the phys-
ical Cartesian coordinate system and the intermediate polar coordinate system
is exact and analytical (see ([@)), while the mapping from the natural reference
system to the polar system utilizes linear interpolation (see (II)). This ensures
exact representation of circular boundaries regardless of mesh size.

e Standard Physical Interpolation: As described in Sec. 2.1.2] the displacement
field employs the standard 8-node quadrilateral (Q8) shape functions to maintain
computational efficiency and compatibility.

This strategy allows for the precise modeling of circular domains with coarse meshes,
eliminating geometric discretization errors while retaining the versatility of the
FEM.
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2.1.1. Geometric description

The annular element model to be devised is shown in Fig. [I where the annular
element (Fig. (b)) is a part from the whole annular plane (Fig. [I(a)). Eight nodes
are used for the annular element, as shown in Fig. [lb), where nodes 1 to 4 are
the corner nodes numbered in a counterclockwise direction, and nodes 5 to 8 are
the mid-side nodes also numbered counterclockwise. The annular domain for the
element can be mapped to a standard square (Fig. Il(c)) using shape functions of
the 8-node quadrilateral element.

To achieve an exact geometric representation, the formulation employs a com-
posite mapping strategy involving three coordinate systems: the local natural sys-
tem (&,n) for numerical integration, an intermediate polar system (r,6) to capture
the curvature, and the global Cartesian system (x,y) for the physical domain. The
geometric mapping is thus constructed by transforming (&,n) first to (r,0) and
subsequently to (z,vy).

The geometric mapping is implemented in two sequential stages to bridge the
reference domain and the physical domain.

The first stage establishes the mapping (&,n) — (r,0) from the natural coordi-
nate system to the intermediate polar coordinate system. This mapping step exploits
the separable nature of the annular sector geometry, employing linear interpolation
for the radial and angular coordinates independently:

rem) =30-On+30+9m,
)

where 1,75 are the inner and outer radii, and 60, > are the bounding angles of the
element (see Fig. [(b)).

The second stage performs the transformation (r,8) — (z,y) to the global Carte-
sian coordinate system. This step utilizes the exact analytical relationships, ensuring

3
5

6

2
E=1

(a) (b) (c)

Fig. 1. The annular element: (a) in a mesh for a 2D ring domain; (b) polar coordinate system and
(c) element natural coordinate system.
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that the curvature of the annular domain is represented without geometric error:

x(r,0) =rcosb,
. (2)
y(r,0) = rsind.

In the finite element implementation, the mapping from parametric coordinates
(&,m) to physical coordinates (z,y) follows the composite path (£,7) — (r,0) —
(2, y). This mapping serves a dual purpose. Beyond determining the spatial location
of integration points, the derivatives of the physical coordinates with respect to
the parametric ones are indispensable. These derivatives constitute the Jacobian
matrix, which is required to transform the gradients of shape functions from the
reference domain to the physical domain for strain calculations. The evaluation of
the Jacobian matrix J follows the chain rule, reflecting the composite nature of the
geometric mapping:

a_x a_x or Ox ar Or
) or 00| |oc on
I §  On _|or 09 §  On . 3)
9 Oy dy oy| |09 90
ot On or 00l Loc on

To evaluate this explicitly, we first determine the derivatives of the intermediate
coordinates with respect to the natural coordinates using (). Let Ar = ry — 7 and
Af = 92 — 917 this ylelds

or Or

a_ga_nzl{m 0} )
a0 00 210 A0

9 on

Next, the derivatives of the Cartesian coordinates with respect to the polar
coordinates are obtained from (2)):

or O
ar 06 cosf —rsind
dy oyl [ }'
ar 00
Substituting these components into the chain rule expression, the complete Jaco-
bian matrix J is derived as
{cos& —r sin@] 1 {Ar 0 } 1 [Ar cosf —rAd sin&} (©)
sinf rcosf | 2|0 Af 2 |Arsinf  rAfcosf |-

The determinant of the Jacobian, J = det J, represents the area scaling factor
between the reference and physical domains and is given by

Arcosf —rAfsinl 1

Arsind  rAfcosf | ZTATAQ' (7)

(5)

sinf  rcos6

1
J=detJ = -
¢ 1

Finally, the inverse of the Jacobian matrix, denoted as J=! (or often T in ele-
ment formulations), is required to transform the shape function derivatives to the
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Cartesian system. It is calculated as

cosf)  sinf

J-1_9 Ar Ar . ()
sinf cos®
rA0  rAf

2.1.2. Displacement interpolation

Let u and v be the displacement component in the  and y direction, respectively.
For the displacement field, the standard interpolation is applied using the shape
functions for the 8-node quadratic element:

[u (s,m] S M) H | (9)

v(§,m) i=1 i

where u; and v; are the nodal values of the displacement components. The eight
shape functions for the Q8 element are given below for completeness:

Ny =S (1-& - (~€—n—1),

4
Ny= (148 1-n)(E—n-1),
Ny= 2 (1+8) (L4 m) (€41,
Ny= 7 (1-8 1 +m) (~E+n-1),
X (10)
Ny=3(1-€) (1),
Naz%(lJrf)(l—nz),
No= 5 (1-8) (4,
Ns—%(l—f)(l_WQ)-

The spatial derivatives of the displacements, required for strain calculations, are
obtained from the derivatives with respect to the natural coordinates via the chain
rule:

ou Ou ou Ou o o€
dx dy| |0¢ on| |0z dy "
o | |ov v an onl| (11)
ox oyl Loc onl Lox oy
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The coordinate transformation matrix in the above equation is defined as matrix
T, which is the inverse of the Jacobian matrix J:

¢
ox

I‘:%

%
Jy

_ 11
@—J.

(12)

dr 0Oy

2.1.3. Element stiffness matrix

The infinitesimal strain components are related to the nodal displacement vector
d = {u,v1,...,us, ’Us}T through the strain-displacement matrix B. Note that the
strain vector ¢ follows the Voigt notation constructed from the displacement gradi-
ents in ([IJ), where -, is the engineering shear strain:

Ou
ox
Ex 5
v
o, o
dy Ox

By combining the shape function derivatives and the geometric transformation
matrix I' derived earlier, the matrix B can be explicitly constructed as

Nig O Nse 0
1000
rm ol (N, O Ns, 0
B=1|0 0 0 1 (14)
0 TT| | 0 Ny -+ 0 Nge
0110
0 Ny -+ 0 Ngy

Consequently, the element stiffness matrix K is obtained by numerical integra-
tion over the reference domain, incorporating the Jacobian determinant J:

1 g1

K=t BTEB dzdy = t/ / BTEB.J dédn, (15)
(zy) -1J/-1

where t denotes the element thickness, and E is the constitutive elasticity matrix.

Depending on the stress state, E takes the following forms for isotropic materials

(with Young’s modulus E and Poisson’s ratio v):

1 v 0
E
E=—0p |V ! 0 (plane stress), (16)
L=y o 1=
- 2
SR .
E
E=araar |~ Y lane strain). 17
(1+v)(1—-2v) 0 0 1— 9y (plane strain) (17)
- 2
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2.2. Disk super element formulation

When the annular element is used to model circular disks, which in turn are used to
model particulate materials, the number of elements can be very large. To reduce
the computational burden for solving large-scale models, the super element concept
in the FEM |Cook et all (IM)] is used next in applying the annular elements.

A 2D disk super element model is shown in Fig. 2l A super element (Fig. 2(b))
is formed based on the mesh for the circular disk using annular elements (Fig.[2{(a)),
with only the boundary nodes being kept in the subsequent calculation.

Let the nodal displacement vector be partitioned into boundary nodes u, (anal-
ysis set) and internal nodes u, (omitted set). By utilizing the annular element
formulation described previously, the global stiffness matrix for a circular disk is
assembled and partitioned to isolate the boundary DOFs:

Kaa Kao ua fa
= . (18)
K Kool (u, f,
By expanding the second row of the partitioned system, the internal displace-

ments can be expressed in terms of the boundary displacements. This relationship,
known as the recovery equation, is given by

u, =K, (f, - K u.). (19)

00

Substituting ([I9) into the first row of the system eliminates the internal DOFs,
yielding the condensed stiffness equation for the disk super element:

KeTu, = fof, (20)

where K is the effective stiffness matrix (or Schur complement) associated with
the boundary nodes:

K = K., - K. K;'KT (21)
and ff is the corresponding effective force vector:
£ = f, — K, K M, (22)

Fig. 2. A disk super element model: (a) mesh on a circular disk and (b) disk super element.
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This substructuring technique allows the global system to be solved initially
for only the boundary nodes u,. Subsequently, the internal displacements u, can
be recovered for each disk individually using ([9)), enabling detailed stress analysis
within the particulate domain.

3. Numerical Examples

To verify the new annular element formulation for solving 2D elastostatic problems,
several examples are presented first, including a hollow thick-walled cylinder [Tim-
oshenko and Goodier \195_2‘)], a circular disk with a small circular hole ﬂMuLak&mi
M)] and a solid circular disk problem ﬂM_ur_algamj (IZD_l_d)] Then, several exam-
ples with domains represented by many solid circular disks are solved using the disk
super elements. In all cases, the FEM models are applied with minimal constraints
to remove the rigid-body motions.

3.1. Examples using the annular element
3.1.1. A hollow thick-walled cylinder

We first investigate the classical Lamé problem of a hollow thick-walled cylinder
subjected to uniform hydrostatic pressure. The cylinder has an inner radius a = 1.0
and an outer radius b = 2.0. The problem is modeled under plane strain conditions.
To eliminate rigid-body motions while allowing valid deformations, minimal con-
straints are applied: © = 0 at points B and D, and v = 0 at points A and C (see
Fig. B).

The general analytical solutions for the radial stress o,, tangential stress oy,
and radial displacement u, under an internal pressure p; and an external pressure

P, are given by [Timoshenko and Qggdigﬂ 198 ﬂ]

a?b? (pi—po) 1 a’p; — bp,

or(r) = - b2 —a2 12 b2 — a2 ’
oo(r) = a’v® (pi —po) 1| a’pi — b?po
2 _ 2 2 2_ 2
b a r b a (23)
7.0 =0 (axisymmetric, no shear),
L+v [ a®b*(po—p)1 a?p; — b?p,
ur(r) = E | 2 _a2 ;+(1_2V) b2 — g2

In this study, the material properties are set to Young’s modulus £ = 1.0 and Pois-
son’s ratio v = 0.3. It is worth noting that, unlike traditional isoparametric elements
where the geometry must be interpolated via shape functions, the proposed annular
element possesses an analytical geometric mapping. Consequently, the coordinates
and their derivatives with respect to the parameter space are computed exactly and
simply, without any geometric approximation.
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Fig. 3. Model definition for the hollow thick-walled cylinder problem.

Fig. 4. Typical FEM mesh for the three load cases (48 x 8 mesh): (a) LC1: Dense inner; (b) LC2:
Dense outer and (¢) LC3: Dense B.C.

To evaluate the adaptivity of the annular element to different stress gradients,
we design three load cases (LCs) with distinct mesh grading strategies, as illustrated
in Fig. @

Load Case 1: Internal Pressure Only (p; = 1.0,p, = 0). In this case, the stress
field exhibits a significant gradient near the inner boundary (r = a) and decays
roughly as 1/r? toward the outer boundary. To efficiently capture this variation,
we use a graded mesh where elements are denser near the inner radius and coarser
near the outer radius (Fig. @{(a)). The exact solution is

a*pi b?
T g2 1= r2 )’
(12pi b2
og = 7[)2 ) (1 + ’r_2> s (24)
1+v a’p [b?
ur =~ m{?+(l—2y)r.

Load Case 2: External Pressure Only (p; = 0,p, = 0.5). Here, the load is
applied on the outer boundary. We construct a mesh with an inverse gradient —
coarser at the inner radius and denser at the outer radius (Fig. H(b)) — to verify
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the element’s geometric mapping flexibility. The theoretical solution is

_b2po (12

oz ')
_b2p0 a?

Jg:b2—a2 (1—’_7‘_2)7 (25)
1+v —b%p, [a?

Ur = s {7+(1—2u)r .

Load Case 3: Combined Pressure (p; = 1.0,p, = 0.5). This case represents a
scenario where accurate boundary information is required on both sides. We employ
a bidirectional graded mesh, which is refined at both the inner and outer boundaries
and coarser in the middle (Fig.[{(c)). The general analytical formulas in (23)) apply
directly.

Figure Bl shows the generic model definition. We performed convergence studies
for all three cases using progressively refined meshes (12 x 2, 24 x 4, 48 x 8, 96 x 16,
192 x 32, 384 x 64, 768 x 128). To provide a fair validation, the results are compared
with the standard 8-node serendipity quadrilateral element (Q8) using the exact
same mesh topology. The equivalent element size h is defined as the maximum
distance between any two nodes within the largest element of the mesh.

The convergence results (errors in L? norm and energy norm) are presented in
Figs. BHZl It can be observed that the proposed annular element (aFEM) achieves
the theoretical optimal convergence rates in all three scenarios: approximately 3.0
for the L? norm and 2.0 for the energy norm. This rigorous convergence behav-
ior effectively validates that the element satisfies the mathematical requirements
for reliable numerical analysis. Quantitatively, the standard QS8 element exhibits
slightly lower error norms. This is theoretically consistent, as the isoparametric Q8

1072 ¢

H
S
L

7
Z_@— aFEM, |le|2

Error Norm ||e]|

10-6 — A& —Q8, ||l
—a—aFEM, |l¢||g
— ¢ —Q8, |l
————— ()
103l A O(hQ)
107!
h

Fig. 5. Convergence of error norms for Load Case 1 (p; = 1).
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1072 ¢
~
g 1074t
—
]
Z
o —e—aFEM, |e||;:
B — & —Q8, [l
M 10°° —m—aFEM, |le||lp 1
— ¢ —Q8, |lellx
————— O(h?)
.......... O(h?)
10t 10°

Fig. 6. Convergence of error norms for Load Case 2 (p, = 0.5).

1072 ¢
=
o 107
2
5
Z
o —e—aFEM, |e| 12
g . — & _Q& H6HL2
-6
m 10 —=—aFEM, ||e| &
— & —Q8, ez
————— oK)
.......... O(hz)
107!
h

Fig. 7. Convergence of error norms for Load Case 3 (p; = 1, po = 0.5).

mapping spans a biquadratic polynomial space, offering strong capabilities for fit-
ting Cartesian stress gradients. However, the difference is practically negligible. Cru-
cially, the proposed element offers a definitive advantage in geometric fidelity. Unlike
the Q8 element which approximates curved boundaries via quadratic interpolation,
the aFEM maintains an exact geometric representation of the circular domain. This
feature is particularly advantageous for contact mechanics in particulate assemblies,
where boundary smoothness is critical for accurate contact detection.

3.1.2. A circular disk with a circular hole

Following the verification of the proposed annular element’s reliability in the pre-
vious thick-walled cylinder benchmark, we now examine its capability to capture
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Fig. 8. A circular disk with a small circular hole subjected to concentrated compressive loads.

Table 1. Computed stress results for d/D = 0.05 — 0.2.

Mesh No. of d/D = 0.20 d/D = 0.10 d/D = 0.05
elements ox (A) oy (B) ox (A) oy (B) oz (A) oy (B)
12 x 2 24 0.69079 —1.74036 0.11220 —1.81611 —0.71152 —2.07221
24 x 4 96 1.20134 —1.73073 0.96597 —1.66668 0.83752 —1.61281
48 x 8 384 1.24654 —1.71477 1.06674 —1.68085 1.01442 —1.68156
96 x 16 1536 1.22761 —1.69275 1.05290 —1.65379 1.02323 —1.67459
192 x 32 6144 1.21589 —1.68168 1.03357 —1.62854 1.00722 —1.64367
384 x 64 24576 1.21131  —1.67772 1.02244 —1.61562 0.98780 —1.61699
Analytical [Murakami (2016)] 1.20926 —1.67590 1.01620 —1.60906 0.97005 —1.59632

severe stress concentrations. Specifically, a circular disk with a small central circular
hole subjected to diametrical concentrated compressive loads Murakami (IM)] is
studied, as shown in Fig. Bl We assume that the diameter of the hole d (= 2a) is
sufficiently small compared to the diameter of the disk D (= 2b), satisfying the
condition d/D <« 1. In this scenario, significant stress gradients occur in the imme-
diate vicinity of the hole. Consequently, the analysis focuses on the stress accuracy
at critical locations, specifically points A and B (see Fig. [{]).

In this example, the domain is discretized using a series of progressively refined
meshes (ranging from 12 x 2 to 1536 x 256 elements). Table [[] summarizes the
computed stresses at points A and B for geometric ratios d/D varying from 0.05
to 0.2. The results demonstrate that the FEM solutions converge steadily to the

analytical solutions ﬂMur_akamj (IZD_ld)] as mesh density increases. Notably, high
accuracy is maintained even for the extreme case of d/D = 0.05, validating the

element’s robustness in resolving highly localized stress fields.

3.1.3. A circular disk subjected to two concentrated loads

The circular disk subjected to a set of two opposing concentrated forces P as shown
in Fig. @ is studied next. In this case, we discretize the model into meshes with an
increasing number of elements (12 x 3, 24 x 6, 48 x 12, 96 x 24, 192 x 48, 384 x 96,
768 x 192, 1536 x 384). The analytical solutions of the stress o, (along the y-axis)
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Fig. 9. A disk subjected to two concentrated forces.

5T T T T T .
.. mesh: 24x6
FAY
ax(Exact) | ¥
1r —-9--0,(aFEM)

= 0 P =7
-0.5 oy(Exact) . ' ,' @. il

% o (aFEM)

Fig. 10. Stress distributions along the z- and y-axes for the disk in Fig.

and o, (along the x-axis) are given by M]

2P
T Oa = 7
02 (0,9) = —
26
o 2P 4D! (26)
Uy (.',177 )_ E - (D2+4$2)2

where D is the diameter of the circular disk: D = 2b. It is noted that o, along the
diameter from top to bottom (y-axis) is tensile and constant.

Figure [I0] shows the stress distribution along the radial direction of the z- and
y-axes on 24 x 6 mesh. The computed (aFEM) results of o, along the z-axis (where
force is not directly applied) agree well with the analytical solutions, while o, along
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v=0.30

(a) (b)

Fig. 11. A circular disk subjected to n concentrated forces: (a) n =3 and (b) n = 4.

Table 2. Computed stresses at point O with n = 3 and 4.

Mesh No. of n=3 n=4
elements Oz oy Oz oy

12 x 3 24 —0.247129  —0.247129  —0.329505 —0.329505
24 x 6 96 —0.239086  —0.239086  —0.318781  —0.318781
48 x 12 384 —0.238692  —0.238692 —0.318256  —0.318256
96 x 24 1536 —0.238722  —0.238722 —0.318296 —0.318296
192 x 48 6144 —0.238730  —0.238730 —0.318306 —0.318306
384 x 96 24576 —0.238732  —0.238732 —0.318309 —0.318309
Analytical solution [Murakami (2016)] —0.238732  —0.238732  —0.318310  —0.318310

the y-axis (loading direction) can only match the analytical solution in the middle
section. The stress results near the two loading points are inaccurate, due to the
singularity in the solutions that cannot be captured by the FEM.

We also study the stress state at the center of the disk under various concentrated
forces applied along the periphery of the disk as shown in Fig. 1l We use the same
meshes (12 x 3, 24 x 6, 48 x 12, 96 x 24, 192 x 48, 384 x 96) as in the previous case.
Figure[[dl(a) is a disk subjected to three concentrated forces, 3P, which are loaded
at an equal angle of 120° around the periphery of the disk. Similarly, Fig. [T(b) is
a disk subjected to four concentrated forces with an equal angle of 90°. Generally,
when n concentrated compressive forces P are loaded at equal angles around the
periﬁheri of a disk, the solutions of the stresses at the center of the disk are given

by 2014):

aw(O,O):—nP nP

E? Oy (070):_57

Table 2 is a summary of the computed stress results at point O with n = 3 and
n = 4. In both of the two cases, very good FEM results converging to the analytical
solutions given above are obtained.

Tey = 0.
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3.2. Examples using the disk super element
3.2.1. Linear disk chains under concentrated forces

In the second part of the numerical studies, we first investigate the accuracy of
the disk super element using models of several disks connected in one direction.
Figure shows the model of two connected disks with two concentrated forces,
and Fig. [[4lshows the model of three connected disks with two concentrated forces.
In these examples, we plot the computed stresses (see Figs. and [[H]) along two
axes by referring to the previous case (see Figs.[0 and [[0]) due to the similar loading
condition. Similar conclusions, as in the previous case, can be drawn about the
accuracy of the FEM results.

Y5

x r r

Fig. 12. Two connected disks with two concentrated forces.

mesh: 24x6
— — — o (Exact)
o (Exact) Y
* — o (dFEM)
—-0-—o0 (dFEM) Y

Fig. 13. Stress distributions along the z- and y-axes for the disk in Fig.

o x R R R

Fig. 14. Three connected disks with two concentrated forces.
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h: 24x6
ax(Exact) -0~ ay(Exact)
—-6-—0 (dFEM) —%— o (dFEM)

Fig. 15. Stress distributions along the z- and y-axes for the disk in Fig. [4

Fig. 16. Five connected disks with four concentrated forces.

3.2.2. Planar disk clusters under centrosymmetric forces

To further test the disk super element, we also study the case with five disks, as
shown in Fig. The model consists of one disk in the center, and four disks
connected around the central disk at an equal angle of 90°. Figure [[7] shows the
comparison of the analytical solutions and FEM solutions of the stresses using the
disk super element, on the diameter along the z-axis and y-axis. Similarly, the
analytical solution can be found by referring to the previous case (see formulas
in (26)). For the four surrounding disks, the formula of stresses is the same as (24]).
For the central disk, the stresses are given by adding the results in the two formulas

in (26):
_ 2P
e =D

4D*4 2P 4D*4
(D? + 422)* Y 7D (D2 +4y2)° |

From Figs. 3] and [[7 we can find that the FEM solutions for o, along
the z-axis (where forces are not directly applied) agree well with the analytical

solution, while the FEM solutions for o, along the y-axis (where forces are applied)
can only match the analytical solution in the middle section, due to the singularity
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ox(Exact)
| —— ax(dFEM)
- oy(Exact)
—a— ay(dFEM)

Fig. 17. Stress distributions along the z- and y-axes for the disk in Fig.

in the solution. The computed stress values near the loading points are obviously
inaccurate.

We also compute the case of seven disks subjected to centrosymmetric concen-
trated forces, as shown in Fig.[I8 The model consists of one disk in the center, and
six disks connected around the central disk at an equal angle of 60°. Since the case
does not have reference solutions, we only provide the contour plots of computed
stresses (see Fig. [[0). Stress concentration is observed near the six loading points
and all contact points, and the stress contour plots are consistent with the expected
symmetry patterns.

3.2.3. Disk packing in a 2D domain

To further apply our disk super element, we use disks to fill a 2D domain, as shown
in Fig. The left end of the domain is fixed and the right end is subjected to
a uniform pressure loading. Figure 21] shows the same sized plate filled with disks
of different radius, in which, R represents the radius of all disks and m represents
the number of disk super elements. Obviously, we can set the diameter of the disk
as small as possible to fully fill the 2D domain. In this simulation, each disk is
discretized using a uniform 24 x 6 mesh (24 elements in the circumferential direction
and 6 elements in the radial direction), consistent with the discretization employed
in the preceding examples (see Secs. B.2T] and B:222)). This mesh density is selected
based on the convergence study in Sec. (the disk subjected to concentrated
loads), which demonstrated that a 24 x 6 mesh provides a sufficiently converged
solution for the internal stress field.

Figures 22H25] show the contour plots of the computed stress and displacement
fields with the same sized domain, but with disks of two different radii. The two
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(a) (b) (c)

Fig. 19. Contour plots of computed stresses of the seven disks model: (a) o4; (b) oy and (c) Tzy.

&

.
E=1.00 —
14 v=03 4
q=1.00 >
% Z %

Fig. 20. A 2D domain to be modeled with disk super elements.

cases practically show the same distributions of the stress and displacement fields.
It is worth mentioning that for the second case in Figs. 24 and 28] the FEM model
includes about 5000 disks (or super elements), and the model can be solved on a
desktop PC within 20 min.

To quantitatively demonstrate the computational advantages and physical con-
sistency of the proposed method in large-scale simulations, we analyzed the problem
using seven different disk radii ranging from R = 1.0 down to R = 0.1. The results
are summarized in Figs. 26] and
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H=12.00, ¥=6.00, R=0.30, m =215 H=12.00, V= 6.00, R=0.25, m = 306

H=12.00, V=6.00, R=0.20, m = 502 H=12.00, V=6.00,R=0.125, m = 1283

Fig. 22. Contour plot of computed o, on 2D plate with H = 12.00, V = 6.00, R = 0.30, m = 215.

Figure illustrates the computational efficiency. As the number of disks m
increases to 2023 (R = 0.1), the total DOF's of the full system reaches approximately
1,752,000. However, by employing the proposed super element with static conden-
sation, the active DOFs involved in the global system of equations are reduced to
only 194,208a reduction factor of approximately 9. Consequently, the total compu-
tational time for this million-DOF problem demonstrates high efficiency, requiring
only about 90 s on a standard desktop PC. This duration encompasses the entire
simulation pipeline, including mesh generation, file I/0O, system assembly, solu-
tion and post-processing (contour plotting). This confirms the significant efficiency
advantage of the proposed method for large-scale granular-like assemblies.

Figure presents the convergence of macroscopic properties. Due to the
boundary effect, the packing density n is lower when the number of disks m is

2650035-21



H. Pan €6 Y. J. Liu

Fig. 23. Contour plot of computed displacement u on 2D plate with H = 12.00, V' = 6.00, R = 0.30,
m = 215.

Fig. 24. Contour plot of computed o, on 2D plate with H = 12.00, V' = 6.00, R = 0.06, m = 5672.

Fig. 25. Contour plot of computed displacement u on 2D plate with H = 12.00, V' = 6.00, R = 0.06,
m = 5672.

small, resulting in a lower effective stiffness. As the radius decreases and the num-
ber of disks m increases, 1 gradually converges toward the theoretical maximum for
hexagonal packing (constrained by the boundary shape) and the calculated effective
Young’s modulus F.g stabilizes at approximately 0.317. It is important to clarify

2650035-22



Annular and Disk Elements for 2D Elastostatic Problems

w2
(=}
T
(=)}

90 T
—O— Time (s) 118
80 O Total DOFs
—#— Condensed DOFs 116
—~70 Y, —~
\!f/ 7 s}
E 14 =)
.2 60 X
= 112 \g
< o
S 50l S
_g 50 - 110 E
<
2400 8 2
) S}
g bt
O S
2 [a)

20 - o 14

Y
T 12
0 1 1 1 0
0 500 1000 1500 2000 2500

Number of disks

Fig. 26. Computational efficiency showing time cost and DOF reduction with different number of
disks (from 17 to 2023).

that this effective stiffness is naturally lower than the Young’s modulus of the con-
stituent solid material (E = 1.0). This reduction is physically evident because the
domain is not a solid continuum but a porous assembly of disks. The potential for
deformation is higher due to the voids and the discrete load transmission pathways
inherent in the hexagonal packing structure. This convergence behavior verifies the
method’s capability to correctly capture the homogenization process of particulate
composites. In the case of disk packing, the disks are connected by the consistency
of displacement at the tangent point (contact point), so that the displacement
and stress can be transmitted, and the system matrix is guaranteed to be positive
definite.

4. Discussions and Conclusions

A new annular finite element and a circular disk super element have been devel-
oped for solving 2D elastostatic problems involving circular domains. The annular
element employs an analytical geometric mapping based on polar coordinates, so
that the geometry and its Jacobian are computed exactly, eliminating the geometric
discretization errors inherent in standard isoparametric elements. The displacement
field uses the standard 8-node serendipity (Q8) shape functions, maintaining com-
patibility with the conventional finite element framework.

The element formulation has been verified through a systematic sequence of
benchmark problems. The convergence study on the thick-walled cylinder problem
confirms that the annular element achieves the theoretical optimal convergence rates
(approximately 3.0 in the L? norm and 2.0 in the energy norm), consistent with
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Fig. 27. Convergence of effective Young’s modulus F.g and packing density n with increasing
number of disks.

those of the standard Q8 element. Although the Q8 element exhibits marginally
lower error norms due to the richer biquadratic polynomial space of its isoparametric
mapping, the proposed element offers a definitive advantage in geometric fidelity
— an essential feature for contact mechanics in particulate assemblies. The stress
concentration analysis of a disk with a small hole and the disk under concentrated
loads further demonstrate the element’s capability to resolve severe stress gradients
and its expected behavior near point-load singularities.

By applying the substructuring (static condensation) technique, the disk super
element condenses the internal DOFs, significantly reducing the size of the global
system. For the large-scale disk packing simulation with 2023 disks, the active DOF's
are reduced by a factor of approximately 9 (from 1,752,000 to 194,208), and the
entire simulation pipeline completes within 90 s on a standard desktop PC. The
disk packing results also show that the effective Young’s modulus converges as
the number of disks increases, verifying the method’s capability to capture the
homogenization behavior of particulate composites.

Several limitations of the current work should be noted. First, the present formu-
lation is restricted to linear elasticity under plane stress or plane strain conditions.
Second, the disk packing examples employ an idealized hexagonal close-packing
arrangement with single-point tangential contact between disks. In realistic gran-
ular materials and composites, the packing configurations are generally irregular
and random, involving varying particle sizes, nonuniform contact conditions and
possible gaps or overlaps. Third, the stress field near concentrated forces or contact
points exhibits singularities that cannot be fully resolved by the standard polyno-
mial interpolation used in this work.
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Several directions for future research are envisioned. First, the method can be
extended to handle more general and realistic packing configurations, including ran-
dom packings with varying disk sizes and nontangential contact conditions. Second,
the displacement interpolation can be enriched to better capture the singular stress
fields near concentrated forces and contact points. Third, nonlinear material models
can be incorporated to account for local plastic deformation and damage, broad-
ening the applicability to inelastic contact problems. Finally, extending the formu-
lation to 3D spherical elements remains a challenging but practically important
direction for modeling real particulate composites and microstructures.
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