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SUMMARY
A boundary integral equation formulation for thin bodies which uses CBIE (conventional BIE) only is well
known to be degenerate. A mixed formulation for a thin rigid scatterer which combines CBIE and HBIE
(hypersingular BIE) is motivated by examining the discretized form of the integral equations, and this
formulation is shown to be nondegenerate for thin non-rigid inclusion problems. A near-singular integration procedure, useful for singular integrals as well, is presented. Finally, numerical examples for acoustic
wave scattering from rigid and soft scatterers are presented.

INTRODUCTION
Boundary integral equations (BIEs) and the boundary element method (BEM) for their solution
have been either avoided, or employed with considerable difficulty, whenever the bodies at issue
aTe very slender or thin, i.e. when the volume enclosed by the bounding surface is small. For such
bodies, if the BIE/BEM has been used at all, it is in the form of a shell or plate type theory. The
well-understood limitations or approximations in such theories are often unacceptable. Problems
of this type are sometimes simply conceded to the realm of more effective treatment by finite
elements, regardless of how effective that treatment may be. Similar remarks pertain for bulky or
thick bodies containing thin inclusions or thin voids.
For the case of a very thin void in a solid, modelling the void as a crack is often useful El].
Crack models generally are easier to handle by any method, numerical or analytical, than very
thin cracklike voids, but this paper is concerned with situations where the crack model is not very
appropriate. Examples are the fields associated with notches, rough cracks, tapered shapes such
as aerofoils and thin inclusions.
The difficulties with the basic boundary integral approach for thin bodies are twofold (1) the
BIEs often become nearly degenerate when parts of the surface are separated only by a small
distance or thickness, and (2) the task of achieving even ordinary arithmetic accuracy with the
BEM, in the face of the near-singular integrals which arise in such problems, is very difficult.
It should be noted, before saying more,that success with difliculty (2) in light of (1)allows
success with thin shapes only up to a point. The neardegeneracy of conventional BIE's usually
leads to ill-conditioning of the algebraic equations even with arbitrarily-accurate numerical
quadrature, when shapes become very thin. In the limit of zero-thickness such as a crack-model,
the BIE degenerates, as is well known.
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It is useful for the present discussion to consider thin-body problems in two classifications: (a)
the thin body is in contact with a medium exterior to it which is of infinite extent or at least is itself
bulky or not thin, and (b) the thin body exists by itself, without contact with an exterior medium,
and loads (and boundary conditions) are applied directly to the thin body.
In this paper we present a boundary integral formulation for time harmonic wave scattering
from thin bodies which is free of both difficulties (1) and (2) for problems in classification (a).
Applications include scattering of acoustic or elastic wave scattering from thin voids, rough or
partially closed cracks thin inclusions, solids joined by a weld or glue, acoustic scattering or
radiation into a fluid from thin elastic structures (e.g. appendages from submarines). The
formulation involves using a conventional BIE on ‘one side of the thin dimension’ and a hypersingular BIE (HBIE) on the ‘other side’ [24]. Each BIE refers to the exterior medium. This
combination of two types of integral equations takes care of difficulty (1) for problems in
classification (a). (Static versions of scattering problems are defined in the zero-frequency limit).
CBIEs or HBIEs may be used alone or in combination for the interior (thin) medium.
Next we present a numerical integration procedure for accurate evaluation of near-singular
integrals. This procedure takes care of difficulty (2) and gives accuracy comparable to that
presently possible for truly singular integrals or for regular integrals. It is not restricted to flat
surfaces, and it works for strongly singular or hypersingular integrals as a special case. Also, it
works for problems in both classification (a) and (b).
Specific ideas in this paper are developed for problems of scattering of time-harmonic waves
from thin scatterers surrounded by a fluid where the mathematical issues are similar to (the scalar
analogue of those of) scattering of elastic waves from thin voids. Conditioning and accuracy
issues involving thinness are the same if the scatterers are voids in the solid or rigid scatterers in
the fluid, or they may be thin inclusions of different wave-propagating material in either case.
Numerical examples are given for scattering of acoustic waves from various thin pancake-shaped
rigid scattercrs and from a ripple-shaped scatterer which simulates a thin but rough scatterer in
the fluid. There is also an example of scattering from thin fluid inclusions with different densities
and wave speeds from the host fluid.
For problems in classification (b), the CBIE/HBIE-combination strategy, as used above for the
medium exterior to the thin body, is not effective in preventing neardegeneracy if applied to the
thin body itself. If known loads (displacements)are applied to each surface on either side of a thin
plate, for example, a traction (displacement)boundary value problem, there will be near degeneracy with any of the BIE formulas alone or in combination if collocation is attempted on both
surfaces. This is not surprising since there is no clearly meaningful problem in the limit as the thin
body vanishes. However, it is interesting to note that the mixed problem, i.e. traction prescribed
on one side and the displacement on the other, is nondegenerate with any of the BIE formulas.
This point will be discussed further subsequently.
What then is to be done with thin bodies by themselves loaded with known tractions as is
commonly done in the most important applications? It is possible to solve such problems with
BIEs if they are written and collocation is done on only one surface, e.g. the midsurface of a thin
plate, and if another relation involving, say, the unknown displacements on each surface can be
written. Such a relation might come from apparent symmetries in a given problem, or come from
a reasonable assumption based on the thinness of the plate. Such an assumption may at first
glance be equivalent to a plate theory, but it may in fact be less restrictive, involving as it does
only surface quantities, and not requiring a statement about variation of (or neglect of) certain
field quantities throughout the thickness. Research into this matter for flat plate-like structures
has begun and will be reported elsewhere. In this paper, however, we confine attention to the
more straightforward thin-body problems in classification (a).
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Finally, the formulation presented here is independent of scatterer thickness and can be used
for bulky scatterers, thin scatterers, as well as cracks. Also, discretization needed to model the
scatterer does not depend (directly) on scatterer thickness. Most importantly, the formulation
used here is exact in the sense no plate or shell theories are used.
ACOUSTIC SCATTERING FROM THIN BObIES
CBIE formulation
A CBIE for scattering of time harmonic acoustic waves exterior to a scatterer of arbitrary shape
can be written [S, 61

+

where the total field 6 = 4' 6' is the s u m of the (known) incident and scattered field, x a d to
are points on the scatterer surface S , n(x) is the normal at x on S, 4 ( x ) = d&x)/dn(x), C ( x ,to)
= exp(ikr)/4nr, r = Ix - to/,k is the wave number and i = J - 1. In this section we are
concerned only with the region exterior to the scatterer, and for definiteness here regard q(x) as
a known quantity (e.g. zero for a rigid scatterer). Equation (1) is to be solved for 6 ( x )from which
other desired quantities may be readily determined. The scattered field is assumed to satisfy the
radiation condition at infinity and

where S, is a small disk of constant radius epsilon centred at to.
To address the degeneracy of the integral equations for thin shapes (difficulty l), assume for
now that all integrals can be computed exactly. Consider a thin scatterer as shown in Figure 1,
where S+ and S- are the two surfaces of the scatterer. The points and boundary variables on
these two surfaces are identified by their superscripts. When collocating at a point c: (5;) on
S + ( S - ) the CBIE, equation (I), can be written as

(3)
Here the first (second) integral is to be interpreted as in equation (2) when the collocation point is
on S' (S-).In the limiting case as S- goes to S', 1.e. when S - and S+ occupy the same position,

Figun 1. An arbitrarily shaped thin scattenr
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equation (3) becomes

where 4+(C:)+ 4-(50')=c4(50),d'(50+)-4-(to+)=A4(C0)
a n d q + ( x ) + 4 - ( 4 =':4(x).
is nearly the same as that got with collocation point
Equation (3) with collocation point at
at ( 0 for small separation of S + and S-. Both of these are the same, equation (4), in the limit as Sgoes to S+.Clearly, attempts to compute with equation (3) for such cases are bound to suffer from
the neardegeneracy and ultimately fail for small enough thickness.
It is important to note that equation (4) with variables &$, A+ and Xq are defined only for the
zero-thickness case. However, equation (3) with collocation point on S- or S+, have valid
interpretations for bulky scatterers and very thin scatterers, even though, as we have observed,
these equations are nearly degenerate for the latter case.
Additional insight into this near degeneracy can be gained by examining, in discretired form,
equations (3) for a uniformly thin rigid body (4+ = 4 - = 0) whose two surfaces are assumed flat
for convenience, i.e.

and where Z is the identity matrix and the columns represent discrete nodal values of Q, and @ on
S+ and S-. The first (second) row of the above matrix equation corresponds to equation (3) with
collocation point on S+ (S-).Here elements on S- are assumed to be the mirror image of those
on S' and the terms (1/2)1 are nearly equal to (1/2)1 for small thicknesses. In the limit as Sgoes to S+, equation (4) becomes

-

corresponding to the discretized form of equation (3). Note A 4 does not appear since aG(x, to)/dn
is zero for flat S+.
HBIE formrllation

The acoustic scattering problem above when formulated as a HBIE [7-121, takes the form

where S, n, x, toare as defined before. The two dashes through the integral sign implies that the
integral is interpreted as the Hadamard finite part [131. The above formulation has been used for
non-slender scatterers [14, 151.
For a thin scatterer, Figure 1, the HBIE when collocating on S' (S-)is

S
Here the first (second) integral is interpreted as a finite part when the collocation point is on '
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(S-)and the third (fourth) integral is as defined in equation (2). For a zero-thickness scatterer
where S+ and S- are the same (but with different normal directions) equation (8) can be written as
an integral equation over S+:

The discretized form of equations (8) with collocation point on S+ and S- for a pancake-shaped
scatterer as described earlier is

c

--c

I3:[

=

C

[--C

[;:I]

where C is a matrix involving integrals of known quantities and Q" and Q'- are the known
incident flux vectors on the two surfaces of the scatterer due to the incident field. Again, h is the
thickness of a pancake-shaped rigid scatterer and in the limit as h goes to zero, equation (10) is
degenerate. Like equation (5), equation (10) is ill conditioned when h is small. Equation (10) for
h = 0 can also be written as

which is the discretized form of equation (9).
CBIEIHBIE mixed formulation
So far we have observed some similarities in the properties of the CBIE and the HBIE when the
scatterer is thin. The CBIE and HBIE are close to degeneracy for thin scatterers and are
degenerate for zero-thickness scatterer. However, there is an important difference in these
equations which can be seen from the discretized form. For h = 0, unlike equation (9,
the terms in
each row of (the square matrix) equation (10) add up to zero.
Consider a formulation where the CBIE is used on S+, equation (3), and the HBIE on S-,
equation (8). Henceforth, we will refer to this formulation as a mixed formulation. The discretized
form of the mixed formulation is

[ --c

-tC
Z]

C;] I';[
=

where the two rows are the first and second rows of equation (5) and equation (lo), respectively.
The equations represented by these rows are linearly independent and so the system is wellconditioned for all thicknesses including the zero-thickness scatterer. For h = 0, equation (12)
can also be written as

"d -3[:XI [;'I
=

(13)

which is the discretized form of equation (4) on S+ and of equation (9) on S-. Unlike equation
(12), equation (13) is valid only for a zero-thickness scatterer.
For a thin void problem, one of the several different formulations can give a well-conditioned
system of equations. In all of these choices a combination of CBIE and HBIE is required for the
exterior domain. For example, if CBIE is used over S*+ (a portion of S+) and HBIE over
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S+ - S*+, and if HBIE is used on S*- (the surface opposite to S*+ on S-) and CBIE on
S- - S*-,the resulting system of equations is well-behaved. A nondegenerate system can also
be obtained if a linear combination of the CBIE and HBIE is used on S+ and S-. This can be seen
by adding equation (5) and equation (10) which gives

Although this linear combination requires more computation than equation (12), it does have the
advantage of completely eliminating the well-known fictitious frequency difficulty (e.g. [16, 143).
Finally, for a thin-void problem, a formulation obtained by collocating twice at the same points
on S' (once with CBIE and once with HBIE) gives

and is a well-conditioned system of equations. However, when the void is no longer thin,
collocating twice at the same point on S + can give poor results.
THE TRANSMISSION PROBLEM
In this section BIEs are written for the scatterer (through which waves propagate) as well as for
the surrounding medium. Interface conditions on both 9 and q need to be stated. The BIEs
associated with the exterior domain are the same as those in the previous section except that the
normal flux is not known. The CBIE for the exterior domain, equation (l), can be rewritten

where S defines the scatterer surface with the normal pointing into the scatterer, 9, q and G(x, 4)
are as defined earlier. Also the CBIE for the interior domain can be written

2

4i(to)- fs aGi(Xy
an (4

#(x) dS (x)

+

G' (x, to)qi (x)dS (x) = 0

where G(x, () = exp(ikiR)/(4nR),ki is the wave number for the inclusion, @(x) and q'(x) are the
potential and normal flux, respectively,on the surface of the inclusion (the normal to the inclusion
surface is assumed to point into the inclusion).The potential and the boundary fluxes are related
across the boundary according to K ~ ( x )= #(x) and q(x) = q'(x). For x on S, equation (17)
becomes

-js

K 1? ~ ( C ~ )

d G i ( X 9 ' o ) ~ # ( ~ dS(x)
)

an (4

+

G'(x,tO)q(x)dS(x) = 0

For a given incident field, equations (16) and (18) can be solved for the potential and the flux on
the boundary, which then can be used to compute the potential in the far field. Similar
formulations have been used to study the scattered field from single and multiple scatterers.
Now consider a thin pancake-shaped inclusion of thickness h with acoustic properties different
from the surrounding medium. For this problem the discretized form, neglecting the term of order
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h and higher, is

where I is the identity matrix, B and B' are the matrices associated with the exterior and interior
domain, respectively, and 0, 0' and Q are as defined earlier. For thin inclusions, the equations
represented by first two rows of equation (19), which represent the CBIE for the exterior domain
on collocating on the two surfaces, are linearly dependent. As a result, equation (19) is ill
conditioned for a thin scatterer. Note that the equations represented by last two rows of equation
(19) which correspond to CBIE for the interior domain, unlike the first two rows, are linearly
independent.
If one chooses to use the HBIE to solve the inclusion problem, then the integral equation for
the exterior domain is

and for the interior domain

Neglecting terms of order h and higher, equations (20) and (21) in discretized form for a pancakeshaped inclusion become

i

c

- -c
-

--c

91

--+I

qj=
E;]

- KC'

-c

uc'

- - + I 41

-41

KCi

- KC'

91

*I

-

Q'

(22)

The above system of equations is ill conditioned, as well, since the equations represented by the
first two rows are linearly dependent and so the HBIE fails to solve the inclusion problem when
the inclusion is thin. As in equation (19), the system of equations associated with the interior
domain is not the source of the difficulty.In both the cases, equations (19) and (22), the equations
associated with the exterior domain, dictate the conditioning of the entire system of equations.
The degeneracy associated with the thin-inclusion problem is the same as that of the thin-void
problem. A formulation which uses the CBIE on S+ and HBIE on S - of the exterior domain and
the CBIE everywhere on the interior domain, in a discretized form for a thin pancake-shaped
inclusion, is

The above system of equations is well conditioned for all thicknesses.
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The special case of an inclusion problem where the inclusion has the same property as the
exterior domain is the same as a homogeneous medium. For this special case, B = B' and
equation (23) can be inverted to give

As expected, the above equation confirms that the magnitudes of potentials and fluxes on S+
and S- are the same as the incident fields. The potentials on these two surfaces are the same while
the fluxes are the negatives of each other.
As discussed in the previous section, a number of different formulations for the exterior domain
which will guarantee a non-degenerate system of equations can be used. Each of these fonnulations requires a combination of the CBIE and HBIE as indicated earlier. However, it is important
to point out that the CBIE alone or HBIE alone or any combination of these two can be used for
the interior domain. For the interior domain, collocation twice on S + or S-,once with CBIE and
once with HBIE, will result in an ill-conditioned system of equations. This is unlike that for the
exterior domain problem.
The fact that any combination of the CBIE and HBIE on S+ and S- for the interior domain
may be used without degeneracy, so long as an admissible combination (mixture)of the CBIE and
HBIE on S + and S- is used for the exterior domain, requires additional comment. We noted
earlier that the mixed problem for an interior thin body, i.e. with Cp specified on S+ and g specified
on S- has no degeneracy, even for the thinnest bodies for any combination of CBIE and HBIE.
These two situations are similar in the following regards. It is important that the BIEs which
characterize either the exterior domain or the interior domain do not degenerate as the thin
dimension(s)at issue go to zero. For the exterior domain, this is ensured through the use of the
CBIE/HBIE mixed formulas for the domain. For the interior domain, this is ensured, in the
inclusion problem, through the interface conditions themselves: whereas for the thin body interior
problem, this is ensured (if collmtion is done on both S+ and S - ) only for the mixed problem.
The degeneracy or lack thereof can perhaps be most easily seen by examining the linear
dependence of groups of equations in the relevant matrices as mentioned above.
When solving scattering problems it is often necessary to address the presence of multiple
solutions at a finite number of discrete frequencies, often referred to as fictitious frequencies. One
formulation which guarantees a unique solution at all frequenciesis that suggested by Burton and
Miller [16] where a linear combination of CBIE and HBIE is used. It was shown earlier in
equation (14) that a linear combination of the CBIE and HBIE over the entire scatterer surface,
Burton and Miller formulation, is non-degenerate for thin voids and scatterers. Thus, it Seems
that the Burton and Miller formulation can play a duel role: (i) to eliminate fictitious frequencies
and (ii) to provide a nondegenerate formulation for thin bodies.
In this work the CBIE and HBIE are interpreted as a CPV and FP, respectively. Such
interpretation can be dispensed with if the interior representation is regularized prior to taking
the limit of the interior representation to the boundary [17]. The properties of the mixed
formulation discussed in this paper as well as the discretized form of the integral equations
themselves are the same regardless of the form of the integral equations.
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NEAR-SINGULAR INTEGRATION
Here we discuss the near-singular integration problem, difficulty (2) mentioned in the introduction. Singular and near-singular integrals are alike in the sense the integrand varies rapidly over
the integration surface. Also, the values of the singular and near-singular integrals are almost the
same. Yet, most existing integration techniques are very different for near-singular and singular
integration. In this work we revisit a semi-analyticalintegration technique which has proved to be
useful for computation of singular integrals [12,17] and extend it to near-singular integrals. This
technique does not require a high quadrature order and the near-singular integrals can be
computed as accurately as all other integrals.
Consider near-singular integrals which appear when the scatterer, in a scattering problem, is
thin as in Figure 1. When the collocation point is on S - and the integral is over S', then the
near-singular integral

has to be computed. Note that the integral is over S + . The integrand of the above integral, with
a hypersingular kernel, assumes a large value at (O+, the point closest to the collocation point
on S + . So subtracting the first two terms of the Taylor's expansion of #(So) about to', the term
I$(x) - &(to')- $ . , ( s o ' ) ( x P - (op)l = O ( I x - Co12) and this makes the integrand suited for
numerical integration.

However, the added back terms are just as bad as equation (25) and are not suitable for numerical
quadrature. But the last two integrals can be converted into line integrals and other area integrals
using Stokes' theorem [12]. These line integrals are non-singular and can be computed using
a low quadrature order. The area integrals which arise from the use of Stokes' theorem are of the
same or less order of difficulty as those of the first integral in equation (26).
The first integral requires some attention. The integrand, as it appears in the above equation,
has a behaviour which is similar to that of a weakly singular integral with the collocation point at
(0' on S+.So a polar co-ordinate transformation, as used in the case of weakly singular integrals,
will make the first integral of the above equation manageable. However, there is a small neighbourhood about
where the integrand can rise sharply from zero to a constant value. This
region, which is of the same order as I(: - 5; I, can be easily taken care of by dividing the radial
direction into two parts, the first with a length equal to It,' - 5; I from the origin. Additionally,
a mapping for the radial direction which shifts the quadrature points close to the origin of the
polar co-ordinate system ensures a greater accuracy for the radial integration. A combination of
the radial subdivision along with the radial biasing of the Gauss points can completely remove all
difficulties associated with the computation of the first integral in equation (26) as well as other
integrals which arise from the use of Stokes' theorem.

116

G. KRISHNASAMY.

F. J. RIZZO AND Y.LIU

In the limiting case when the collocation point is on the integration element, the same procedure as discussed above has been used in [12]. Note that the sharp variation of the integrand
close to the collocation point becomes a step function, i.e. the radial distance for the function to
go from zero to a constant value is zero. Thus, no subdivision of the radial direction or radial
biasing of the Gauss points is necessary.
Near-singular integrals with kernels which are strongly singular can also be handled as with the
hypersingular kernels but now only the first term of the Taylor’s expansion of the boundary
variable about the point closest to the collocation point is required [la.
NUMERICAL EXAMPLES
Consider a thin pancake-shaped rigid scatterer as depicted in Figure 2 surrounded by a fluid of
indefinite extent. The pancake radius a is unity with thickness 2h, and it is impinged upon by
a plane incident pressure wave with non-dimensional frequency ka = 1 at zero incident angle as
shown. For ten non-conforming boundary elements (five on each surface), the scattered field at
a distance r = 5a, for all values of the scattering angle 8,is as shown for three small values of h.
The limiting case h = 0 is shown for comparison. Convergence of results as h gets smaller is
evident, but the gap between the smallest non-zero h and h = 0 is due to the fact that the
square-root behaviour in 4 at the rim of the pancake was built into the rim-layer of elements for
h = 0, whereas, this behaviour was ignored for the other values of h.
Figure 3 depicts a similar set of curves for three small values of h, but here computations are
done with the CBIE for comparison. Also, conforming elements are used with the CBIE. The

0.1

1

2

6

Ea 0.08

h

O

8

0.04

+!

B

zi 0.02
0

0

20

40

80

100

120

140

160

e (de-)
Figure 2 Scattered field, normal incident (4 = O), krr = 1, 10 elements, 80 nodes
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inability of the CBIE to deal with the small thickness is evident, even with a relatively large
number of elements.
Figure 4 shows a comparison of the h = 0 model of the same scatterer with a h = 0.1 model
specifically examining the backscattered field at various distances r. The incident wave is the same
as before but at three times the frequency. It is apparent that differences in the two models tend to
diminish with increasing r. Results (not shown) for h = lo-’ are indistinguishable from the h = 0
case.
Figure 5 depicts a comparison similar to that in Figure 4, except that the scatterer is a ‘rippled‘
one and the scattered field is examined in the specular direction. Again ku = 1. This scatterer is
a preliminary attempt to examine phenomena associated with a corrugated surface or rough
crack. Here there is considerable difference with the h = 0 model, as expected, especially for
incident angles close to hitting the scatterer edge-on, i.e. at No,called ‘grazing incidence’.
Finally, Figures 6 and 7 depict specular scatter as in Figure 5 except here the data are for
non-rigid fluid inclusions in the surrounding fluid with geometry the same as that in Figure 3. The
exterior (e) fluid has the same properties in both figures and the (exterior) wave number k& is
unity in both figures. However, the interior (i) kia and the fluid density ratios K = p e / p i are as
depicted in each case. Figure 6 shows results for a relatively rigid and massive inclusion, whereas
Figure 7 shows for a less rigid and less massive inclusion (h = 0.1 in each case). The curves
represent data obtained via the CBIE formula for the inclusions as described earlier, but the data
points shown were obtained using a lumped model for the inclusion instead of the CBIE. The
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Figure 3. Comparison of the thin-body formulation (TB CHBIE)and the commonly used conventional BIE (CCBIE);
normal incident, ka = 1, 10 elements for TB CHBIE, 160 (conforming) elements for CCBIE
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lumped model is given by the relations

1P c

(4: - 4;) = - --(4C - 4;)
(28)
h Pi
with q1 = - qe and = @,/pi)& For parameters chosen in Figure 6, the lumped model works
well. However, for the inclusion of Figure 7, the lumped model is apparently less applicable.
ELASTIC-WAVE SCATTERING FROM THIN VOIDS AND INCLUSIONS
The problem of scattering of elastic waves from a thin void in an infinite elastic medium can be
formulated as a CBIE (counterpart of equation (1) in elastodynamics)
Cim

(50)urn (50) +

T i m (x,

fS

50)urn (XI
dS(x) =

I,

u i m (x,

50)t m (XI
dS (XI+ ~ ‘ ( 5 0 )

(29)

or as a HBIE (counterpart of equation (11) in elastodynamics),
Dim (50)tm (50) + fs

v i m (x,

50) urn(x) dS (XI
=

J‘,

wm
i (x,

50) t m (x) dS (4+ t‘ (50)

(30)

where u = u’ + us is the total displacement, u1 and us are the incident and the scattered field,
respectively, t, t’ and ? are the tractions on the boundary corresponding to u, u1 and I?,
respectively, x and toare points on the void surface S. The reader is referred to [17, 181 for the
details of the above equations.
As was the case in the scalar problem, the CBIE or the HBIE when used alone to solve thin
void (crack) problems results in nearly degenerate (degenerate) system of equations. From
a discretized version of the above equations it is easy to show that any of the mixed formulation
(as suggested earlier for the scalar problem) for each component of the vector equation will result
in a nondegenerate system of equation when the scatterer is a thin void or a crack. Additionally,
for a thin-inclusion problem a mixed formulation for the exterior domain is sufficient to result in
a nondegenerate system regardless of how the interior domain is modelled.
The singular and near-singular integrals that arise can be regularized, as discussed earlier for
the scalar problem, using Taylor’s expansion of the density function about the closest point and
Stokes’ theorem. Again, the singular integration can be seen as a special case of the near-singular
integration scheme. The details regarding the use of Stokes’ theorem for an arbitrarily shaped
surface is discussed in [123.
Implementation of the above mixed formulation and near-singular integration procedure for
3-D vector static and wave problem is in progress.
DISCUSSION
One of the desirable features in a numerical method, especially for problems with ‘different
geometrical aspects’, is the ability of that method to yield accurate results, without requiring too
much special attention to those aspects in the form of simplifying assumptions. For example, for
elastic behaviour of thin bodies, it would be nice in many applications to get good results from
elasticity theory, without having to invoke a simpler plate or shell theory. This is true however
more efficient or elegant such a thin-body theory may sometimes be. In this paper we have
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attempted to show some measures of success in this regard for certain classes of thin-body
problems via the BEM.
Clearly, success with the methods in this paper depends on the existence of an exterior medium
in contact with the thin bodies. The extent to which the BEM can accomplish anything similar for
thin-body (interior) problems alone, or the extent to which such an accomplishment would be
meaningful or useful, requires further study.
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